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1. Basic Properties of Parabolic Equations

Problems leading to the heat conduction equation, its derivation, and general form. Boundary-value problems for the heat conduction equation. Maximum and minimum principles. Existence, uniqueness, and continuous dependence on the initial conditions for the solutions of boundary-value problems for the heat conduction equation. Example of an incorrect problem for the heat conduction equation.

2. Basic Properties of Elliptic Equations

Problems leading to the Laplace equation. Boundary-value problems for the Laplace equation. Maximum and minimum principles. Existence, uniqueness, and continuous dependence on the initial conditions for the solutions of boundary-value problems (those of Dirichlet and von Neumann) for the Laplace equation in internal and external domains. Incorrectness of the solution of the Cauchy  problem for an elliptic equation (Hadamard example). Helmholtz equation and formulation of boundary-value problem for this equation.

3. Basic Properties of Hyperbolic Equations

Problems leading to hyperbolic equations. Cauchy problem for the wave equation. Notion of characteristics of hyperbolic equations. Boundary-value problems for hyperbolic equations. Reduction of the general problem. Boundary-value problems for the case of several variables. Uniqueness theorem.

4. Notion of an Approximating Difference Scheme. Simple Approaches to the Construction of Difference Schemes.

Replacement of derivatives by difference relations. Method of indefinite coefficients. Recalculation schemes. Approximation of boundary conditions.

5. Basic Notions of Theory of Difference Schemes

Notions of approximation, convergence, and stability. Order of accuracy and approximation of a difference scheme. Convergence rate. Stability with respect to the right-hand sides and the initial conditions. Convergence as a consequence of approximation and stability. Choice of norms for characterizing the closeness of approximation elements.

6. Courant, Friedrichs, and Levy Condition necessary for the Convergence of Difference Schemes.

7. Spectral Analysis of the Finite-Difference Cauchy Problem

Stability with respect to initial data. Necessary spectral stability condition (von Neumann condition). Examples of the investigation of difference scheme stability.

8. Principle of Frozen Coefficients for Studying the Stability of Difference Schemes

Babenko-Gelfand criterion for the stability with respect to boundary conditions. Finite Fourier series and their application.

9. Sweeping Technique for Solving Heat Conduction and Poisson Equations

10. Method of Straight Lines for Solving Boundary-Value Problems

11. Variational Methods for Solving Boundary-Value Problems

Connection with the principles of mechanics. Minimum of a functional. Application to the Poisson equation.

12. Generalized Solutions of Nonlinear Partial Differential Equations

Mechanism of discontinuity formation. Definition of a generalized solution. Relations at discontinuities. Arbitrary discontinuity breakdown. Methods for determining generalized solutions based on discontinuity fitting.

13. Discontinuity Capturing Techniques for Determining Generalized Solutions

Difference schemes with artificial viscosity. Smoothing. Approximation viscosity. Conservation-law difference schemes. Godunov and McCormack methods for solving the gasdynamic equations. Use of smoothing for improving the difference scheme stability.

14. Approximate methods for Solving Integral Equations

Reduction of boundary-value problems for differential equations to integral equations. Replacing an integral by a finite sum. Replacing an actual kernel by a degenerate kernel. Methods of moments. Picard's method of successive approximations.

15. Direct Methods for Solving Partial Differential Equations

Ritz, Galerkin, and Bubnov methods.
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